Abstract. A model problem for the propagation of a combustion front through a periodically inhomogeneous medium is posed. The existence of a steady state solution is proved, in which the front's velocity is periodic in time. Computer simulations are carried out. Finally, through rigorous homogenization techniques, it is shown that when the wavelength of the inhomogeneity is small, the solution may be approximated by a travelling wave solution of the corresponding problem for a medium with certain constant properties.
1. Introduction. The propagation of reaction fronts in a striated medium can occur during the combustion of solid material in certain rocket motors. These striations, which consist of thin binder-rich layers, are mainly due to casting processes during fabrication. In this paper we consider the propagation of a flame front in a vertically striated medium, the layers being periodically disposed with a small wavelength Le (Fig. 1, p. 468 ). The horizontal case corresponding to a two-dimensional wave will be treated in a sequel.
Our main purpose is to study the possible qualitative effects that this kind of inhomogeneity might have on the combustion process. The approach followed here is, in addition to computer simulation, that of "mathematical homogenization", in which the front's motion and profile are shown to be approximated by those of a front in a hypothetical homogeneous medium. The properties of this homogeneous approximation are related in an explicit manner to those of the striated one.
A secondary purpose is to set up a homogenization framework in the context of propagative combustion processes. To our knowledge this has not been done 1) (2) :d (2) i) (2) (2) (n \ flame front ► x Fig. 1 before, despite the vast number of investigations into principles and techniques of homogenization in other contexts. For this reason especially, we deem it important to present a full rigorous treatment of our problem. The solid material is characterized by various physical and chemical parameters, which may change according to the type of layer, 1 or 2 ( Fig. 1) .
First, we set out a one-dimensional Stefan-like model to represent such a propagation. Our model represents the case when the nondimensional activation energy is not too large relative to a nondimensional width of the preheat zone (its ratio to the size of the combusting particles). We then solve the equations numerically for a given wavelength e > 0. The results thus obtained give an indication of the periodicity of the temperature with respect to time. In the fourth section, we show the existence of a solution, which is periodic in time, in a frame fixed to the front. Finally by using homogenization techniques, we show in Sec. 5 that the periodic solution converges to a travelling wave solution with constant velocity when the period tends to zero. An explicit expression is given for the limiting velocity.
2. A 1-D model. For simplicity, we assume the combustion is in the form of a simple exothermic reaction, A -► B, which occurs only on the receding surface of the reactive material.
The material properties of the solid will be characterized by the following five parameters; typical dimensional units are specified.
d -thermal dilfusivity in cal/deg-cm-sec p = molar density of the reactant A in moles/cm3 P = heat release in cal/mole c = heat capacity in cal/deg-cm3 R(u) = R0K(u) = reaction rate function, in moles/sec-cm Here u is temperature.
The area (rather than volume) dependence in the rate function R is due to the fact that we are dealing with a surface reaction. The prefactor R0 is a fixed number with the given dimensions, and K(u) is a dimensionless Arrhenius factor. The latter is assumed to be a bounded continuous function of temperature, depending on no other small or large parameter; thus the activation energy is not too large.
' During steady combustion, the energy that is produced at the receding reactive surface is allocated partly to the gaseous phase behind the combustible material and the remaining part serves to heat the solid. The former portion provides energy needed for thrust, and the latter provides for the chain reaction mechanism by which the reactant ahead of the surface is heated to the temperature needed for its combustion.
We denote by 6 (0 < 6 < 1) the unknown fraction of energy production that is allocated to the solid phase.
In the striated material considered, the parameters d, p, P, c, and R may depend on the layer type (1 or 2). For the purposes of this investigation, however, we examine only the effect of the variation of d (a physical parameter) and R0 (a chemical parameter) on the propagation. These parameters will therefore be considered to depend on the spatial coordinate z in a periodic fashion with wavelength Le = eY . Our basic small parameter is e . To emphasize their dependence on e, we write d = de, = Re0. Let ue -ue(x, t) denote the temperature, and let the front's position be at x -C(t) • The front moves to the left, so that the solid material occupies the halfline {jc < C(t)} ■ The equations are as follows:
Note that the negative sign in Eq. (2.1b) reflects the fact that the front is moving to the left.
The allocation factor 6 is of course not a given, nor a fixed number, and for transient solutions it will depend on the past history as well. It would be very difficult to calculate from first principles. We consider solutions that deviate by a small amount from being steady travelling waves and so approximate 6 by a constant. The fact that this constant is not known has no bearing on our qualitative results.
For the rest of this paper, it will be convenient to write Eq. (2.1) in a front-fixed frame. This is done by the coordinate transformation: z = x -£e(t). We have c94 -k +^<«'(0)AV(0, <»f j = o. z < 0;
Hence forward, we consider this system of equations.
3. Numerical resolution. We must first specify initial conditions for the two unknowns {u , C) ■ We take
where m0 is of exponential type. In fact, we take u0 to be the steady state solution of the homogeneous problem (where de and Re0 are constants). It is given by
where Figure 2a corresponds to a homogeneous medium (d{ = d2 , R0{ = R02). As expected, the temperature curves are independent of time.
Figure 2b corresponds to a heterogeneous medium. The established temperature profiles are periodic in time. The curve at z = -1.0 seems almost to be a constant. This is due to the fact that the heterogeneous character of the medium is not so important. For a more pronounced heterogeneity, we get profiles as shown in Fig.   2c .
The temperature profiles thus obtained bring us to look for the existence of a periodic solution for the system (2.2). i.e.,
We now integrate in time over one period to obtain = -Tp-lR0(tJs))K(uJ0, s)), (4.15)
The existence of (um , £m) on some interval [0, tm] follows from standard results on the existence of solutions of systems of nonlinear ordinary differential equations. That tm = 1 will be deduced from a priori estimates on um .
4.4.2. Estimates on um . The first energy type equality is obtained by multiplying Eq. (4.14) by gj and summing those relations for j = I, , m. We obtain
i.e.. (ii) 3C > 0 independent of m such that I Ur, I < C, T < T < T implies I un I < C, T < T < T . (4.32)
Then by applying Brouwer's fixed point theorem we obtain the existence of Km ' Tm) such that *H«om>Tm) = iUom,Tm). WAe L (0, 1; H (flj) with a compact embedding, j < s < 1. We can thus pass to the limit in the approximate problem. 4.4.6. Passage to the limit A -> oo. The limit (uA , CA, TA) obtained in the previous section depends on the interval £lA = (-A, 0). We will now let A approach infinity. We consider a sequence An tending to infinity as n -* oo and then a corresponding sequence of solutions on the interval {-An , 0), denoted by (un , C" , Tn), 5. Homogenization process: limit of u . In this section, we will show that the periodic solution of the problem (4.1)-(4.3) converges to a travelling wave solution as e goes to zero. We first obtain the homogenized equation formally using Ansatz expansions before proceeding with the theoretical proof using energy estimates. Note that the Ansatz will be performed in a moving domain, while the proof will be carried out in a fixed domain. The homogenized speed is then given bŷ = -p-lR00K(u0(C0(t),t)), (5.28) where R00 is the zeroth-order term in a formal expansion of Re0(C) ■ At first sight, it is tempting to believe that *00 = my(R o)" (5-29)
But as we show in Sec. 5.3, R00 is in fact the harmonic mean of R0 , i.e.,
<»°»
We have^i
u0(x, t) -> 0 asx-» -oo.
The complete homogenized system is dtir. 1 d2ur.
("2a)
and the boundary conditions are In the next section, we justify the formal homogenized results obtained above.
5.3. Justification of the homogenized equations. In this section, the equations will be considered in the front-fixed frame by using the coordinate transformation z = x -C£(0 -The homogenization result is stated in the first part as Theorem 5.1, and the rest of this section will be devoted to its proof.
Equations ( 1. We will first show that the limit u is independent of time before proceeding with the proof that (u, () satisfies Eqs. (5.40), (5.41). We finally derive the homogenized boundary conditions.
The estimates on u and C are analogous to those on um and Cm of Sec. 4 (cf. 4.4.2). Also note that these estimates are the same whether we use the x or z coordinates. Therefore we can extract subsequences, still denoted by u and C , such that weakly in L2(0, T\ V), It is in this last equation that we are going to pass to the limit. Note that the presence of C in the above terms is a real inconvenience for the passage to the limit. To overcome this difficulty, we will proceed via the initial frame, the overall idea being to put the term C in the test function.
(i) Consider the first term. In the initial frame, it becomes [we revert to the xvariable by x = z + Ce(t) ]
x'= ic (tt -ww) Wdzdt=cd-^w\xmx -c'«) = 'LcuV {^ix-('(')-')-w^ix-c'i'h'))dxdL
The latter integral can be written as The function wE need not be extended, since it is valid for all x. It is in this reformulated form (5.60) of the first term that we will pass to the limit. We then integrate by parts with respect to t at least in a weak sense and retransform the resulting term in a front-fixed frame [by z = x-£(r)]. Note that u is independent of time (Lemma 5.1), so that the limit of the first term reads finally *1 -<5'66)
(ii) We now consider the second term in Eq. (5.59), i.e., = S/(z+C(,))d-£ru'irzdzd'-
We proceed as with the first term, by passing through the initial frame. We obtain X*2 = Jj\x)^uE^(x-C(t))Xe<dxdt, (5.67)
where de, u , and 4> are the respective extensions of d£, u , and <j>. u and 4> are defined as previously and de is obtained by extending de by periodicity up to the origin. To be able to pass to the limit in Eq. (5.67), we must find a limit for dedwe/dx. We recall that d£{x) = d(y) and from Eq. This completes the proof of Theorem 5.1.
6. Discussion. The model problem considered refers to the steady combustion of a solid reactant with certain properties, which vary in a periodic fashion with respect to distance normal to its combusting surface. If there were no such inhomogeneity, our solution would be a travelling wave with velocity v = R0K(6(]p/c) (6.1) and profile u(z) = -^ exp(cvz/d), z< 0, (6.2) z = x + vt. This is, of course, a ^-independent temperature distribution in the frame fixed to the combustion front. If R0 and d are allowed to vary in the manner indicated, then we obtain a temperature distribution, which is ^-periodic in the frame attached to the front, which itself moves with periodic velocity. The existence of a periodic solution was proved.
Finally, we considered the homogenized limit when the wavelength of the striations approaches 0. It was proved that the periodic solutions approach a ^-independent profile of the same form as (6.2), but with revised values (v', d') for the parameters v and d. Moreover, in the limit, the front moves with velocity v given by (6.1) with a revised value R'0 for R0. The new parameters (d', R'q) are the harmonic means of the heterogeneous ones: d' = (spatial average of d~l)~ , with the same for R'0 .
Since the harmonic mean of a positive periodic function is always less than its average, we find that the homogenized velocity v' is less than one would expect from using (6.1) with R0 replaced by its average.
It is hoped that the framework set forth here will be suggestive and helpful in future research into the combustion of heterogeneous reactive solids.
